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Abstract - A nonlinear mathematical model to study the effect of transmission dynamics of COVID-19 virus in a
population with variable size structure is proposed and analyzed. The model divides the total human population into five
subclasses namely, susceptibles, self-protected susceptibles, infectives, quarantined infectives and recovered population
including a class representing cumulative density of corona virus in the environmental reservoir. The model exhibits two
equilibria namely, the disease-free and the endemic equilibrium. Analysis of the model reveals that the global dynamics
of the spread of the COVID-19 infectious disease is completely determined by the basic reproduction number R,. If R,

2 1 the endemic equilibrium is locally asymptotically stable and is globally asymptotically stable under certain conditions
showing that the disease becomes endemic. It is found that the infective population can be decreased if the individuals
from susceptible population lockdown themselves and do not come in direct contact with viral density deposited on
surfaces/objects or airborne droplets accumulated in the environmental reservoir. However, if higher number of
individuals from infective class is quarantined at home or hospital, the spread of the disease can further be slowed down.
It is also found that the improving the diagnosis rate of COVID-19 is very beneficial to control the spread of COVID-19.
Numerical analysis of the model is also performed to investigate the influence of certain key parameters on the spread of
the disease and to support the analytical results.

Keywords: COVID-19, lockdown, asymptomatic infectives, symptomatic infectives, Quarantine, stability
analysis

I. INTRODUCTION

In the past two decades, many cases of common cold (flu) are due to different corona viruses. These corona
viruses have left their impact at large scale (mainly: SARS in 2002 and MERS- in 2012) in different part of the
world. Corona virus disease 2019 (COVID-19) is an infectious disease raise up by severe rapid respiratory syndrome
corona virus 2 (SARS-CoV-2). It has taken all over world in its grip just within three months. The situation is
becoming worse in country like USA, Brazil, Italy, Spain, France, Germany, India etc. According to WHO, most of
people who are infected with COVID-19 virus experience mild to moderate respiratory illness and recover without
needing special treatment. Older people or who have underlying medical problems are more severe to develop the
illness. Common symptoms of COVID-19 are dry cough, fever, tiredness, sore throat, aches, and shortness of breath.
In general, many times it is possible to have infection without any symptoms. Also, in case of current pandemic
COVID-19, according to New York times [31], some individuals who are infected with the corona virus can spread
it even though they have no symptoms. People who are healthy or have mild symptoms should keep themselves in
self-quarantine and contact COVID-19 information line for guidance on testing and referral. However, till now there
is no any specific treatment available for COVID-19. Though some vaccine is available but no single vaccine is
effective at all the strains as COVID-19 changing its strain in every country. So, it is predicted that the number of
COVID-19 infections may still increase. Therefore, at present, the key question is how to prevent/control the spread
of COVID-19. In case of COVID-19, social distancing has emerged as one of the most broadly adopted intervention
strategies (e.g., self isolation, social distancing, quarantine infected individuals, promoting social consensus on self-

Volume 17 Issue 2 July 2021 78 ISSN: 2319-6319



International Journal of New Innovations in Engineering and Technology

protection like wearing a face mask in the public area, washing hands regularly etc.) to reduce the infection
risk/transmission rate and control the spread of COVID-19 through the reduction of social contacts. More
importantly, at this stage of the outbreak, it is important to understand transmission dynamics of the COVID-19 and
deployment of different control strategies such as self isolation of susceptible, quarantine of infected individuals.

Lockdown, self isolation and quarantine are the important measures by which further spread of the disease
could be stop. Different governments are actively restricting the movement of people by imposing lockdown, which
may be known as one of the largest quarantine in history. Except lockdown, different governments are also adopting
various steps and imposing different types of intervention strategies, for instance, social distancing, washing hands
for at least 20 seconds, wearing masks on public places, tracing close contacts.

Mathematical models have a long history of application to help humans to understand how the dynamics of
a disease spread in a population, for example in dengue [1,2,18], tuberculosis[23, 26], HIV [3, 23, 24] and many
more. These models[1-3,7,18,22-24,26] try to accommodate various essential factors in the spread of a disease, such
as the presence of a disease vector, the phenomenon of relapse and reinfection, symptomatic and asymptomatic
cases, analysis of the success of interventions with limited costs, and others. The transmission potential of a disease
is often measured in terms of the basic reproduction numbers. Since COVID-19is recent pandemic and has rapidly
spread in many countries across the world, few mathematical studies have been conducted[4-
6,8,9,12,14,15,17,25,26,28-30] to capture the transmission mechanism and the effect of preventive measure. In
particular, Yang et al. [4] proposed a mathematical model for COVID-19 incorporating multiple transmission
pathways, including both human-to-human and environment-to-human transmission routes. The authors employed a
bilinear incidence rate based on the law of mass action and fitted the model with the data of Wuhan city of China
and estimated the reproduction number. Ngonghala et al. [5] developed a mathematical model of COVID-19
pandemic in US (particularly, in New York) for assessing the population-level impact of the mitigation strategies.
The authors performed the rigorous analysis of the model and the impacts of non-pharmaceutical intervention
strategies, social distancing, quarantine, contact-tracing, isolation, face mask, etc. Legesse et. Al [13]. found the
optimal control strategies for the transmission risk of COVID-19 and shows that that comprehensive impacts of
prevention, intensive medical care and surface disinfection strategies outperform in reducing the disease epidemic
with optimum implementation cost. Garba et al. [28] proposed a compartmental model to analyze the dynamics of
COVID-19 in South Africa. The model system in [28] was used to estimate the effect of mitigation strategies and
various control. The results of this particular study was twofold: (i) the disease may die out if control measures are
implemented early and for a sustainable period of time (ii) effectiveness of self-isolation reduces the number of
cases.

Several compartmental models of COVID-19 outbreak in India, have also been studied [12, 25, 29, 30].
Khajanchi et al. [25] proposed a compartmental model with quarantine for the transmission dynamics of COVID-
19and calibrated the mode lwith daily and cumulative cases for the four provinces of India. The authors have
performed a detailed theoretical analysis in terms of the basic reproduction number and predicted the cumulative
cases. Moreover, the study suggests that quarantine, unreported and reported individuals as well as intervention
policies like social distancing, lockdown, and media effect can play an important role in controlling the transmission
of COVID-19. Sarkar et al. [12] proposed a mathematical model that predicts the dynamics of COVID-19 in India
along with its 17 provinces. Their findings revealed the fact that the contact rate between susceptible and infected
individuals could be reduced by a strict isolation imposed for susceptible individuals. Moreover the numerical
evaluations of the model system [12] suggested the complete elimination of COVID-19 via suitable combination of
contact tracing and restrictive social distancing. Further the authors also indicated that the accurate course of
epidemic largely depends on how and when precautionary measures, isolation, and quarantine are enforced. In this
direction, Sardar et al. [30] also considered a mathematical model on to analyze the impact of social distancing and
lockdown. The authors have done a detailed analysis and validated the model with the data of India and its five
different states. In particular, Sarita et al. formulated a COVID-19 model to analyze the role of intervention
strategies and lockdown and found that after removal of lockdown fully or partially the endemic level would be
high.

The aim of this paper is to provide a qualitative study of the dynamics of COVID-19 vis-a-vis its impact on
human population. A basic compartmental model, which subdivides a given population into a number of mutually
exclusive sub-populations is designed and qualitatively analyzed. Our main contribution related with considering the
class of Lock-down in model. This new class, as compiled to any compartmental model, implies a number of
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analysis about absence of disease and endemic equilibrium point, which is also consider in this work. This paper is
organized as follows. In section 2, we present our model and assumptions, and conduct a detailed mathematical
analysis and the non-negativity and boundedness. Section 3 represents calculation of basic reproduction number ;
Section 4 discusses the dynamics of the model system including local and global stability of disease-free and
endemic equilibrium; Section 5 presents sensitivity analysis; Section 6 demonstrates numerical simulation and
discussion; and Section 7 concludes the paper.

II. MATHEMATICAL MODEL

Consider a population of size N(f) at time t with constant immigration of susceptibles at a rate A . The
population size N(f) is divided into five subclasses of Susceptibles X(7), population in Lockdown situation L(t),
Symptomatic infectives [(f), Asymptomatic infectives /,(f) and O(¢f) Quarantine class . Population L(f) are the
people who living in the area where the lockdown is applied. Symptomatic infectives /y(¢) are the infectives who are
infectious with strong infectivity and shows the symptom of corona virus infection. Asymptomatic infectives 7,(¢)
are infected by corona virus but are asymptomatic it means the system of corona virus are not appear in them.
Quarantine class Q(#) consists of individuals who are infected and diagnosed but have been quarantined. They are
isolated and do not contribute to infection spread with natural mortality rate d in all the classes human population
and a separate class V(¢) of cumulative density of corona virus in environmental reservoir. Susceptibles become
infected via proper contact with symptomatic infective, asymptomatic infective and with the virus in the
environmental reservoir by the contact rate £, £, and f; respectively. [ is the rate of transfer of susceptible to the
lockdown class. # is the fraction of new infectives who will join the symptomatic infectives and the remaining
portion 1-7 of new infectives will join the asymptomatic infective class. ¢ is the rate of movement of symptomatic
infectives who will join the quarantine class after being diagnosed. i is the rate of movement of asymptomatic
infectives who will join the quarantine class after being randomly diagnosed. Some asymptomatic infectives shows
the symptoms after certain time hence yu is the rate of transfer of asymptomatic infectives to the symptomatic
infectives.

It is further assumed that ¢ is the rate of movement of quarantined people to the susceptible class after
being recoverd from COVID-19. Some of the asymptomatic infectives will recover without quarantine and again
increase the susceptible population by the rate p. The constant o denotes the disease- induced death rate of
infectives with are without being in quarantined class. The growth of viral density V (f) in the environmental
reservoir is assumed to be directly proportional to the asymptomatic and symptomatic infectives where y is the rate
of increase of V. The constant y, is the rate by which viral density declines due to control/ preventive measures like
mass sanitization in the environment.

With the above assumptions and considerations, the dynamics of the disease is assumed to be governed by the
following system of nonlinear ordinary differential equations,

% = A= BSWO (1) = BrSWO)] () = B3SOV (1) = (1 + d)S (1) + EQ(¢) + SL(1) + pl, (1) (2.1)
IO _ 56y~ (5 +d)L(0) (2.2)
L 1810+ ol 0+ B OISO -3+ -+ A 0+ T, ) 2.3)
LoD (AL 0+ Bl 0+ B OISO+ p+a+ L0 2.4)
O 41,0+ 1,0~ (¢ +d +a)o0) (2.5)
POy 1@+ 101 © (2.6)
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§(0) =S8y >0,L(0)=Ly>0,1,(0)=1;,20,1,(0)=1,,20,000)=0, 20,V(0)=V;, =20
2. I Non-negativity and boundedness of solutions

It is important to show that all the population variables are nonnegative for all t >0, which implies that any
trajectory which starts with positive initial condition will remain positive for t >0. It is an important feature of an
epidemiological model. From equation (2.1), we have

as(t)

7 =-dS(t)

Integrating the above inequality and using initial condition, we obtain

S@t) =S80 >0

Thus S(¢ )>0. Similarly, one can show that all the variables are non-negative for all t >0.

III. COMPUTATION OF BASIC REPRODUCTION NUMBER

The transmission potential of a disease is often measured in terms of the basic reproduction numbers. The
basic reproduction number (R,) is described as the expected number of secondary infections appearing from a single
infectious individual throughout his/her whole infectious period, in the entire susceptible population [10, 11]. In the
study of epidemiology, the fundamental concept of reproduction number (R) is one of the most valuable ideas that
the mathematical thinking has conveyed to epidemic theory [11]. In an epidemic disease, it could be determined that
which control measures (intervention strategies) would be most helpful for suppressing R, below one and which
may also provide important advice for public health initiatives. More importantly, the R, is also called a controlled
reproduction number when it depends on the control strategies, it is computed for mathematical models including
control strategies [16]. We calculate R, by closely following the approach in Van den Driessche and Watmough [20,
21]. We first compute the new infectious matrix F and transfer matrix W [19], according to formula

[ o(ar, /dt) oldl,/dt) o(dl,/dt)]
ol al, v
[F -] adl, /dr) oldl,/dt) o(dl,/dt) 3.1)
ol al, o
avide) o(dvide) o(av/de)
L al al, v |

To calculate F and W, we only consider equations (2.3), (2.4) and (2.6), which correspond to the groups (/; 1, V)
capable of transmitting the disease. The non-negative matrix F, corresponding to new infections in the population at
disease-free equilibrium is,

bS8, 1528 1538
F= (l_ﬂ)ﬂlso (1—’7)132S0 (1—77),33S0 (3.2)
0 0 0

The non-singular matrix W, corresponding to the transfer of individuals into and out of compartment is,
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a —-u 0]
W=0 b 0 (3.3)
-7 =V 7
_l B 0_
a ab
w'isgivenby WTl=| 0 % (34
v yla+p) 1
ayy aby, Yo |

Where,

a=(p+a+d), b=Ww+u+p+a+d)

FW' is the next generation matrix of the system (2.1)-(2.6). It follows that the spectral radius of matrix FW ' is

L
npSy nP2So nP5S, a alb
Fw' = (l_ﬂ)ﬁlso (1_77)ﬁ2S0 (1_77):3350 0 Z
L 0 0 O 0y ya+w 1
ayy aby, Yo |
S a+ S s
{ﬁl +@}n_o {ﬂl_u% | Bar ﬂ)}n_o B35
Yo a a ayo b 7o
j— { bt ﬂﬂa—n)so [ﬁlu P ﬁ37(a+ﬂ)}(1—77)50 (1=1)ps5
70 a a ayy b 70
0 0 0

2 —{nA+(1-n)B)A=0

2 By |\ nSy | Bim Bsyla+p) | A=m)S,
A Hﬁ1+y0}a+{a + 05, + } )

R, ={ﬁl+@}ﬁj{ﬂ+ﬁz+ﬂ37(a+#)
a

Yo

ayy

a

ayo

} (1-1)S,

ab

}M

According to van den Driessche and watmough [13,14], the basic reproduction number(on putting value of a, b) of
the system (2.1)-(2.6) is
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_ By Ui A(u+d)
Ro—{ﬂﬂr e }(¢+a+d)d(y+l+d) 55
o B prrardrp]  (-n) Au+d) |
2
(¢+a+d) ;/0(¢+a+d) (1//+,u+p+a+d)d(,u+l+d)

From the above expression of Ry, we can see that as the lock down rate of susceptible increases reproduction rate
decreases if / will be sufficiently large, reproduction rate will less then one. Also with the increase of quarantine rate
¢ and y of symptomatic and asymptomatic infectives respectively, reproduction rate decreases as ¢ and y are only in
the denominator.

If Ry<1, then on average an infected individual produces less than one infected individual over the course of its
infectious period and infection cannot grow. Conversely, if Ry >1 then on average an infected individual produces
more than one new infection and the disease can invade the population.

IV. EQUILIBRIA AND STABILITY ANALYSIS OF THE MODEL

4.1 Equilibria of the model

The model (2.1)-(2.6) has two non-negative equilibria namely,

1 E, Alp+d) , Al ,0,0,0 | the disease-free equilibrium, which exists without any condition.
dlu+l+d) dlu+l+d)
(i) E'S".L"11,°,0", V"), the endemic equilibrium. The equilibrium values of different variables are given as,

* * * * 1* S*= (l//+,u+p+a+d)
“ “ “ A=m)(Bik + B, + B3n)

I Ny+u+p+a+d) e A+SL —(+d)S"
A=m)Bk+ B+ Bm5+d) " {Bik+py+Bm)S” —Em—p|

endemic equilibrium will exist only if A +d&L > (l + d)S* and (ﬂlk + By + Byn)S” > Em+ p

Where n=Z0F0) gk (-nlgratd)

%o S Evatd T plyrurpravd)(I-nu

4.2 Local stability of the equilibria

To determine the local stability of £, the following variational matrix of the system (2.1) — (2.6) is computed about
E, as,
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[—(+d) o - BiSo -BSo+p 3 )
/ —(0+d) 0 0 0 0
J(E ): 0 0 —ny 77,8250 + U 0 Uﬂ350
0 0 0 A=), —n, 0 (1-1)558,
0 0 @ v —-(+a+d) 0
|0 0 % % 0 =70

Where n; =Sy +(@+a+d), n,=—(1-0)p,Se+(w+u+p+a+d)

three roots of the characteristic equation are - (/ + d), -(0 +d) —(£ + a +d) . The other three roots of the
determined by the equation

FfA) =2 +a i +a,A+ay; =0 4.1)
where,
ay=n +ny+y, > a; =mny +nyy+nyy, _(UﬂzSo +/1)(1_77)ﬂ1So _(77/772So +,U)(1_77)ﬂ350

ay =mnyyo — 1B So + X1 =) 1Sy — (1B S + 1)1 =) B3So —nBsSo (1= 1) B1Sey
=nB3Son2y —my(1=n)B33,

4y =B +(prard-(-mpS ++utpra+dy, - S + ull-nps’
A0S + 1N - BST - nBS A =By S =B (it pratd)y
- {—nﬂlS* +(¢+a+d}y(1—n)ﬁ3s* >0

=—(1-mBS (@+a+d)yy—nBS W+u+p+a+d)yy+yy(¢+a+d)y+u+p+a+d)
—yotl=BS" = =) BsS™ =S (W + pu+p+a+d)y—(p+a+d)yl-mpsS >0

Yo@+a+d)y+u+p+ra+d)>1-npS (+a+d)y,+nBS (w+u+p+a+d)y,
+ 7= BS" =y =m)BsS™ +nBsS (W + u+p+a+d)y+(@+a+d)y(1-n)psS”

(I-n)B,So(p+a+d)y, N npSo(y +u+a+dy,
ro@ra+d)y+u+pra+d) yy(p+a+d)y+u+pra+d)
| Lot=mpS A -mpS" nBiSoly +p+a+dy
vo@+ra+d)y+u+p+a+d) yy(d+a+d)y+u+p+a+d)
(P+a+d)y(1-n)p5S,
vo@+ra+d)y+u+p+a+d)

> (1-m5S8 N nbiSo

w+u+p+a+d) (p+a+d)
“A=n)pBiS, + npsSoy + (u+g+a+d)y(1-mnpsS,
P+a+d)y+u+p+a+d) yy(@+a+d) yy(dp+a+d)y+u+p+a+d)
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1{/),1 +ﬂ37}(¢ N Au+d)

Vo |p+ra+d)d(u+l+d)
Y ny LBrgratd+p d-mn Au+d) _
2 = I
(¢+a+d) (¢+a+d);/0 (1//+,u+p+a+d)d(,u+l+d)

1> Ry

Thus, from equation (3.5) it is noted that a; >0

We can see a,,a,,a; are all positive.Using the Routh- Hurwitz stability criteria, it can be shown that the
eigen values of matrix J(E,) have negative real parts. If Ry>1, then a; >0 thus J(Ej) has at least one eigen value

with positive real part. Hence, disease free equilibrium E, of the (2.1)-(2.6) is locally asymptotically stable if Ry<I.
Therefore, the disease dies out i.e. infection does not persist in the population and under this condition the
equilibrium E* does not exist. It is unstable for R, >1 and then E” exists and the disease always persists in the
population. Now the variational matrix corresponding to £ is given by,

—(D+l+d) 5 —BS —(BST=p) £ -pis
) —(0+d) 0 0 0 0
J(E") = 1D, 0 -D, D 0 Dy
(1-mD, 0 D —Ds 0 D;
0 0 ¢ 7 — Dy 0
0 0 y Y 0 =7 |
Where,

Dy =B, + Bl + BV, Dy=-npS +($+a+d), Dy=nB,S +u

Dy=npsS" Ds=(-n)BS"s Dy=-(-1)8" +(w+u+p+a+d) D;=01-n)ps" Dy=(+a+d)

The characteristic equation corresponding to M(E") is given by

Sy =10 454 + b, 2% + by 23 + 5,2 +bgd+bg)=0 4.2)

by=(d+1+D)+(5+d)+ D, +Dg+ Dy +7,
by =((D, +1+d)d+ Dy + D¢+ Dg + 7))+ (5 +d XDy + Dg + Dg + )+ Dy(Dg + Dg + 7))
+ Dy (Dg +70)+ Dgyo + (D, +d)5 — 58"y — D3Ds + ,S 1D,

by =((Dy +1+d) S +dNDy + Dg + Dg + 7))+ (Dy +1+d)Dy(Dg + Dg + 74 )+ (Dy +1+d)Dg(Dg + 7))
+ (D) +1+d)Dgy, +(5+d)D2(D6 + Dy +70)+(5+d)D6(D8 +70)+(5+d)D870 +D2D6(D8 +70)
+ D¢Dgyy + DyDgyy — DyDsy — DyDgy — DsDygy — D3Dsyy — DyDgy — Ew (1-n)Dy + B35S yD,
— (B35S 7+ D3D)(Dy +1+d +S5+d +D;)=6l(Dy + Dg + Dy + )+ 5,8 (1=1)D, Dy — EpnD,
+ B1S 0Dy (8 +d + Dg + Dy +70) + BiS” (1=m)D
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by =((Dy +1+d)(S +d)D,(Dg + Dg + 7))+ (D, +1+d)(S +d)Dg(Dg + 7y )+ (D, +1+d)S +d)Dgy,
+(Dy +1+d)D,Dg(Dg + 7 )+ (Dy +1+d)DgDgyy + (Dy +1+d)DyDgyy + (85 +d)DyDg(Dg + )
+(6+d)DsDyyy + (8 +d)D, Dyyy + Dy DgDyyy = (B3S y + D3 Ds)(Dy +1+d)(S +d +Dy)+ (5 +d)D;)
—(DyDsy + DyDgy + DyDgy + D3Dsyy + DyDgy XDy +1+d + 8 +d + Dy )+ 8lyDg + 8ID3 D5 + lyD,
_5I{D2(D6 +D, +70)+D6(D7 +70)+D770}+ ﬂ1S*ﬁD1{(5+dXD6 +D, +70)+D6(D7 +70)+D770}
_ﬂls*’lD1D87+ﬂls*(l_77)D1D3(5+d +D, +70)+ﬂ15*(1_77)D1D47+(ﬂ25* —p)7D1D5(5+d +D, "’70)
+ (ﬂzS* —P)7D1D37+ (ﬂzS* - PXI —’7)D1D2(5+ d+D; + 70)_(ﬂ25* —le —’7)D1D47— énD\Dsy
—&pnD\ (5 +d + D + 7o) = Ew(L=n)D\ (5 +d + Dy + 74 )= &p(1 =)D, D3 + B3S"ynDy (6 +d + Dg + Ds + D7)
+ﬂ35*7(l—77)D1(5+d +D, +D7)+ﬂ35*7(l—77)D1D3

bs =((Dy +1+d)(S +d)D,yDg(Dg + 74 )+ (D +1+d)(6 +d)DyDgyy + (D +1+d)(S +d)Dg Dy,
+ (5+d)D2D6D870 = (B5S"y + D3Ds)(Dy +1+d)(S +d)D, _&{D2D6(D7 +70)+D2D770 +D6D770}
—(D,Dsy + DyDgy + DyDgy + D3Dsyo + DyDgy \(Dy +1+d)(5 +d + D7)+ (8 +d)Dy )+ SlyDg (D, + D)
+08ID;Ds(yo + Dy) + 8ID3Dgy + 8D, Dsy + D, y(Dg + D7)+ £iS” (1—17)D,Dyy(8 +d + D)
+ 1S D (6 + d)Dg(D7 + 79)+ DsDyyo + (8 +d)Ds 7} = BiS 7D Dy (6 +d + D)
+ B8 (=)D D3 (5 + XDy + 70)+ Dy + (28" = phDIDS D5+ d + 70 )+ (5 + Yy
+ (,BzS* —P>7D1D87(5+d +D; )+ (ﬂzS* —le—U)DlDz{D7(5+d +70)+ (6 +d)yo}
_(ﬂZS* —le—U)D1D47(5+d + D7 )= EnDDsy (5 +d + 7y ) - EpnD (6 + d XDs + 79 )+ D7 }
+&nD Dy (¢ —v) = &w(L=n)Dy (S + d XDy + 79)+ Dy} = E¢(1-7)D D5 (5 +d + 7,)
~&r(1=n)D\Dy(¢~y )+ B3S"ynD{(S + dYDg + Ds + D; )+ D4 (Dg + Ds )}
+ S y(1 =)D {(8 + d)(Dy + D) + DyD; b+ 538" y(1—1)D, D5 (8 +d + D)

bg =(Dy +1+d)(6 +d)DyD¢Dyyy — (D, +1+d)&+d)D;(DyDsy + D,Dgy + DyDgy + D3Dsy,
+D,Dyy—6ID,DsDyy +8ID,DgDoy +SID3DsDyy, +SIDyDgDyy + 8D, DsD,y + SID DD,y
+B1S 0D, (8 + d)DgDqyo = BiS 0Dy (5 + d)DsDyy + p1S” (1-m)Dy (5 +d)D3 D7y
+ S (=)D, (6 +d)DyDyy + (ﬂzS* - P)’lDl((S +d)DsDy + (ﬂzS* _P)701(5 +d)DgDry
(828" = p)i=7)D, (5 + d)Dy D7y — (825" = pN1=7)D, (5 + d)Dy Dy — Eyn DD (S + d)yy
=& D\D (8 +d)yg + (@ —y D Ds (S +d)yy =&y (1=1)D D, (5 +d)y
~&¢(l=n)D,D3 (6 +d)yo ~ (@ —y N1 =n)DDy (5 + d)y + B3S 7D, (6 +d XD + D JyD;
+ ﬂsS*(l —77)D1(5 + d)D27D7 + ﬁsS*(l —77)D1(5 + d)D37D7

Therefore, b; > 0 for i=1,2,3,4,5,6. Thus by Routh-Hurwith criteria, Eis locally asymptotically stable as if the
remaining conditions

_ by 1. 0 0 b b b 0
b, L, 1 0 by b, b 3 D2 0
=006y b Bby|=0, >0,bs by, by b, b|>0,
by b, 0 b b bs b, by b,
R 0 by bs b, by

are satisfied.

4.3. Global Stability of the endemic Equilibrium
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To show the global stability [3, 9] behavior of E*, we need the bounds of dependent variables involved. For
this, we find the region of attraction stated in the form of following lemma, stated below

Lemma 1: The region
Q={N,E,LOV) 0<SW)<N; 0< L)< L; 0< I,(t) + 1, (1) < ;0 < O(1) < 0;0 < V(1) < V3 (4.3)
is a region of attraction for the system (2.1)-(2.6).

where, S=—, L=

— A _
d ds+d) ) o-f5° (§+d+a)’ 7od’

here, S =max(f,,5,) , ¢ =max(g, ) o:min((¢+a+d),(y/+p+a+d))

Theorem 1. If the endemic equilibrium E" exists, then it is globally asymptotically stable provided the following
sufficient conditions are satisfied in Q

{,315*(’7535'*+ﬂ)+ﬂzs*(ﬂ£S*_P)F 1 ﬂlS* 2S*_P
A

—D3D — 4.4
A < it R (4.4)
—1552 < min ﬂlS*D3_D5 ,(ﬂzS* _p)D“_DS 4.5)

4(l +d)Ds 3¢*nA 3pl(l-n)4
5(5+1k)? < 41 +d) S +d)k, (4.6)

Where 4 = B,1, + By, + BV , Dy = B,S" - (p+a+d)},
Dy={1-mpS W+ u+pra+d) . Ds=(E+a+d)
Proof. Consider the following positive definite function about E”,
* * *\2 % % \2 % \2
P:l(S—S )Z +lk1(L—L )Z +lk2(ls —IS) +lk3(la —Ia)z +lk4(Q—Q ) +lk5(V—V )
2 2 2 2 2 2
Differentiating P with respect to ¢, we get

%:(S—S*)%Jrkl (L—L*)%ch (IS —1;‘)%“(3(1“ —I:)%+k4(Q—Q*)2—?+k5(V—V*)i—I;

Using equations (2.1)-(2.6) and simplifying, we get
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%:—(ﬂll‘v $ ol 4+ py+1+d)s -5 F —k(@+dfL-1'F ks pypS" ~@ra+ra)ft, -1 f

ks {1=mpS” - us pra+dfi, -1Lf ~kyEra+dlo-0"f —ksplr-v° )
+(6 + Ik, )(S—S*XL—L* )+ (—ﬁls* +n(pI, + P, + B3V )k, XS—S*XIS —1;")
BT+ M=nXBL, + Bol, + P Vs + p)s =5 N1, 12 )+ Els - 57 Jo-07)
B8 (=8N =1 e ko By S” + w0+ (1=m)BS ks N1, — 17 N1, ~ 1)
v sS4 )L, 1 =7 Ve g (1, 12 Jo- 07 Jrwik (1, - 17 Jo - 07)
+((1—77)/’73S*k2 +7k5xla —IZXV_V*)

Z—f:—%a“(S—S Franls—sfe-r )—%aZZ(L L'y
—%a“(S—S Fay(s-s e, -1 )—%a33(1s—1 f
—%a“(S—S Fsayls-s N, -1 )—%aM(Ia—] J
—%a“(S—S Frasls-s XQ—Q*)—%am(Q—Q*)Z
—%a“(S—S Fiagls-sr-» )—%a“(V—V f
Sl ol N ) L,
_%%3(1 -1 )2+a35(1 —I:XL—L )—%aﬁ(L—L )2
Sl ol 0 o}
~Sault -1 vasli - 1Jo-07)-Jaslo-0"f

1 R 1

2 1 «
ap :g(ﬂlls + 51, +,B3V+l+d), ann :2k1(5+d), ass :Ekz{ﬂﬁls —(¢+a+d)},

1 * 2 2
44 =5k3{(1—77)ﬂ25 —(l//+/1+,0+0!+d)}: dass =§k4(§+0‘+d),066 =§k5707 a3 =(5+lk1)=

a3 = (_ﬁIS* +0(BI, + Bal, +,33V+l+d)k2) Ay = ((l—ﬂ)ﬂ35*k3 +7k5)
d14 :(_ﬁls* +(=n)piL, +pol, +,B3V+l+d)k3) as =& ay =S
A3y = (kz(ﬂﬂzs* +/U)+(1_77):B23*k3)> ase = (77,B3S*k2 +iks), ays =dky, ags =yky,

Now for dP/dt to be negative definite, the following conditions must be satisfied,
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ﬂ1S*(77ﬂES*+ﬂ)+ﬂ2S*(ﬂES*_P) ’ <1DD ,315* ﬂzS*_P
nA A 477 pa-pa?

15£° <k < min BiS” D3 Ds (ﬂzS* —P)D4D5
4 2 — 2 i
4(l +d)Ds 3p°nA 3pi(l-n) 4

5(5+1k)? < 41 +d) S +d)k,
Where 4 = B,1, + By, + BV , Dy = B,S" - (p+a+d)},
Dy=\1-mBS ~(w+u+pra+d) , Ds=(E+a+d)

* * % \2
And K, =D5 k3:(ﬂ2S __p) 15(,5°) <k
nA (-4 4l +d) A,

5

Under these conditions, dP/dt will be negative definite showing that P is a Liapunov function with respect to £
whose domain contains Q.

V. SENSITIVITY ANALYSIS

Sensitivity indices allow us to measure the relative change in a variable when a parameter changes. The
derivatives are the rate of change of predictions with respect to parameter. This work adopts the normalized forward
sensitivity index to conduct the sensitivity analysis [15, 27, 29]. The normalized forward sensitivity index of a
variable with respect to a parameter is the ratio of relative change in the parameter. When variable is differentiable
function of the parameter, the sensitivity index may be alternatively defined using partial derivative. For instance,
the normalized forward sensitivity index is

g _ORy M

_———

Mo oM TR,

The parameter values displayed in below table are taken as the baseline and they are used to evaluate the
sensitivity indices of some parameters which are responsible for the transmission dynamics of COVID-19 infectious
disease to four places of decimal in relation to the effective reproduction number R, using equation (3.5) , the result
of which is presented in table 1 below

R B _A|, . 2 Ry fy _ (A=m)pr(p+a+d)
py R, U (w+u+p+ra+d) By Ry Uly+u+p+ra+d)
Ry Bs _Psr| . (A-m)p+u+atd Ry I 1

s Ry, Uy, (w+u+pra+d) ol Ry (l+5+d)
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R ¢ ¢ PRV L)Y

o9 Ry d(I+6+d)U 0 (w+up+pra+d)

%l:_ v(l-n) . (,b’ly+ﬂ2(¢+a+d)+ﬂ37(¢+a+d+”)]
oy Ry  (w+u+p+a+d)]U 7o

6ROL=ﬁ37{ +(1—n)(¢+y+a+d)} 6R07_0__ﬁ37|: +(1—77)(¢+y+a+d)}

WRO Uro (y+u+p+a+d) 970 Ro— Uro (‘//+ﬂ+,0+05+d)

Where,

ﬂ37(¢+a+d+ﬂ)]

Yo

U=(ﬁ1+ﬂ37}7+ - (ﬂ1ﬂ+ﬂz(¢+a+d)+
70 (y+pu+pta+d)

Table 1. Sensitivity index and indices Table

Parameter Symbol Sensitivity indices
B, 1.75x10”
B 4.46x10”
By 1.369861
[ -704188
@ -502.3532
v -6.7x10”
4 1.369861
Yo -1.369861

From table we can see that the positive indices i.e. 3, f». fzand ¥ show that they have great impact on
expanding the disease in the population if their valve increases R, increases, it means the number of secondary
infections increases in the population. Moreover, to make sure that Ry < 1, we need to decrease the values of the
effective contact rates (8, f, and f; ). Further the parameter /, ¢, v and y, for which the sensitivity indices is
negative, shows that if these parameter will increase the basic reproduction number will decrease, which minimize
the disease in the population. Thus as the rate of lockdown susceptible / increases the disease decreases but it is not
possible for long time so test rate of the infective people should increase so that after detecting COVID-19 positive
more and more infective will quarantine soon and ¢ and y increase which decrease the reproduction rate. It shows
that the improving the diagnosis rate of COVID-19 is very beneficial to control the spread of COVID-19. As y, , the

rate of elimination of corona virus density, increases R, decreases. Thus proper sanitization is also very helpful to
reduce the disease up to a level.

VI. NUMERICAL SIMULATION AND DISCUSSION

To see the dynamical behavior of the model system, the system (2.1)-(2.6) is integrated numerically by
fourth order Runge-Kutta method using the following set of parameters values:
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A= 1, d=0.000038, a=0.001, B, =0.1, B, =03, ;=05 u=07, [=05, &=0.003,
n=03, 5=021, p =0.005, ¢=001,y=0.005 y=2x107, y,=10", p=0.005,

with initial values S(0) = 155, L(0) = 0, I,0) = 0, Z,(0) = 0, 0(0) = 0 and ¥(0) = 1.

The results of numerical simulation are displayed graphically in figs. (1 - 7). In fig. 1, the variation of asymptomatic
infective population /() with time ¢ is shown for different values of £, , the rate of transmission of susceptibles to

infective class through direct contact with asymptomatic infectives present in the population. It is seen that
asymptomatic infective population increases with increase in the value of f,. This implies that if a person not

known about his infection due to no symptom will spread the disease more fast because he will go every where
without taking any precaution. In figs. 2 the variation of symptomatic infective population /(#) with time ¢ is shown
for different values of f,;, the rate of transmission of susceptibles to infective class through direct contact with

symptomatic infectives present in the population. It is seen that symptomatic infective population increases with
increase in the value of £, . In figs. (3 - 4), the variation of asymptomatic infective population /,(f) and symptomatic

infective population /(7)) respectively is shown with time ¢ for different values of /, the lockdown rate of the
susceptibles. It is noted that with increase in the lockdown rate of susceptible, asymptomatic and symptomatic
infective population decreases. This indicates that the individual should keep isolated himself as much as possible
during the covid period and he should go out side the house only if there is very urgent work. Fig (4-7) the variation
of asymptomatic infective , symptomatic infectives and quarantine population with time t for different value of ¢,

the rate of transfer of the symptomatic infectives to the quarantined class. It is found that as the value of ¢ increase

infective populations decrease and quarantine population increase. This indicates that if rate of transfer of infectives
into quarantined class increases, the population in quarantined class who are either isolated at home or hospital
increases. Since this increased population of quarantined individuals is isolated, it does not contribute to viral
transmission further and hence, the spread of the disease can be lowered. It means as the testing rate of infectives
should increase as much as possible so that a person can know about their infection at early stage and can quarantine
at home or hospital.

From the above discussion, it follows that if more and more susceptible individuals either lockdown themselves by
following the COVID-19 guidelines or quarantined at home or hospital, the spread of the disease can be controlled.
It is also observed that if the testing rate of COVID-19 will increase, more and more infectives will quarantine soon
and will not take part in spreading the disease which helps the epidemic under control.
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Figure 1. Variation of asymptomatic infective population for different value of ﬂ P
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VII. CONCLUSION

In this paper, a nonlinear mathematical model has been proposed and analyzed to study the effect of self-protection
and quarantine strategy on the spread of corona virus in a population with variable size structure. The analysis of the
proposed model has been done using stability theory of differential equations and computer simulations. The model
exhibits two equilibria namely, the disease-free and the endemic equilibrium. The local and global stability results of
these equilibria have been established. It is found that if the individuals from susceptible population lockdown
themselves, the infective population can be decreased. This decrease is further affected if the individuals from
infective populations will tested at early stage and quarantine themselves. Moreover, if higher numbers of
individuals from infective classes are quarantined at home or hospital, the spread of the disease can be slowed down.

Finally from the analysis, it may be concluded that lock down help to reduce the disease up to a level. The
roll of asymptomatic infectives are very crucial in spreading the disease because they don’t show any symptoms and
there screening rate is very low. Hence they can go any where and spread the disease easily. So random screening
should increase in the public places. It is also found that if the virus density will decrease by sanitization, isolation or
by other means the then infectives does not reach the certain threshold, the epidemic can be kept under control.
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