International Journal of New Innovations in Engineering and Technology

q& (p,q)-Derivative of Gaussian function: f(x)=

.
e “*  a>0

Hilal Ahmad Khanday
MPhill Scholar Department of Mathematics, Rabindranath Tagore University (M.P)

Dr. Chitra Singh
Associate Professor, Department of Mathematics, Rabindranath Tagore University (M.P)

Dr.Altaf Ahmad Bhat
Assistant Professor, Department of Mathematics, IUST — Kashmir

Abstract:In this paper the authors have derived q & (p,q)- Derivative of special function i.e Gaussian function f(x)= E_ﬂz,

a>( with some special cases.
Keywords: g-derivative, (p,q)-derivative, Gaussian function, exponential function, basic numbers [n], and [n], .
Mathematical Subject Classification (MSC): 33D05, 33D15

LINTRODUCTION

The quantum calculus is an ordinary calculus without taking the limit. More precisely, in the classic calculus the
derivative of a function f(x) is defined as:

on o POl = f(®)
£ =tm=—"—r

subject to the existence of the limit. The q -derivative is defined by:

i lgx) = f(x)
(g —1)x

where q is a fixed scalar different from 1. Note that this type of derivatives does not use the limit.

This is a special type of quantum calculus. Quantum derivative can be defined in many different ways. For instance,
we can define different types of quantum derivatives f'(x), where we do not take the limit. By considering y = qx, y
=x + h and y = xP, the derivatives are then called g-derivative, h-derivative, and p -derivative respectively of the
f(x) where p,q are a fixed number different from 1 and h is a fixed number different from 0.

These quantum derivatives (q-derivative, h-derivative and p-derivative) for the function f(x) = x* are respectively:

(gx) *—x° , ;
ST S @ e
(x+ h)® —x® . .
- 3x* +3hx + R
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The history of q -calculus goes back to Euler and Jacobi in the eighteenth century and F.H. Jackson, in the early
twentieth century, revisited their related work. In the second half of the twentieth century, a remarkable research
interest in the area of the q -calculus was observed due to its applications in several areas of mathematics and
physics. Recently, a tremendous interest was driven by high demands for mathematical models in quantum
computing. The g-calculus bridges a connection between mathematics and physics. It has a lot of applications in
research areas such as number theory, combinatorics, orthogonal polynomials, hyper geometric functions, quantum
theory, and electronics.

For more detailed material on quantum calculus, see the monographs [ 2] [3] [4] and [ 5 ] and references therein.
Following the notations and terminology from the references [1][ 6 ] [7]and [ 8 ] for an arbitrary function f(x) the
g-differential is defined by:

(dgH(x)=f(qx)-f(x)
In particular, let
qu = (q_ 1 )X’

then the definition of the g-derivative in the sense of Jackson is as follows:

a

_ _a _ flaxl—frx
D, f(x) = . —fl) = oy Where x#0,0<g<l (eq. 1)
3
And for x=0,
d dofx
L 7(0) = lim of ()
rjq x x—=D g

Clearly, if f(x) is differentiable, then

d x
l[m( d f](xﬁl= are)

g—1i cEq, x dx

For any real number n, let us define

_ g1 z n-1
], = = I+qtg=+... + g

Such that
g"—1=1[n], (g— 1)

Or1-g"=[nl_ (1-gq) (eq. 2)

We now review briefly some concepts of post quantum calculus i.e. (p,q) calculus. The (p,q) derivative of a function
f with respect to x is defined as
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Op.o Flpmx) — Floxd
D, f00 = T f() = BEETE g (eq. 3)

P 0 lp—gqlx
And
(b, £)(0) = £(0). provided that fis differentiable at 0.

For any number n, twin number or (p,q) number is defined as:

pT—

[ﬂ].n.q = ::P“'1+p“‘:q+....,+pqﬂ—=+qn-1

: =
Such that
poq"=lnl,, G-q) (a.4)
Which is a natural generalization of the g-number such that:
M, |,y = [, = 11‘—‘7:: 1+q+g®+... + g™
Note that
[nlpe = Mg
Taking here p=1, all the notations given in this part reduces to the notation of the usual g-calculus[1][6] [8].

II. MAIN RESULTS

Gaussian functions are widely used in statistics to describe the normal distributions, in signal processing to
define Gaussian filters, in image processing where two-dimensional Gaussians are used for Gaussian blurs, and in
mathematics to solve heat equations and diffusion equations and to define the Weierstrass transform. Here we will

find the g-derivative and (p,q) derivative of the following form of Gaussian function: f(x)= e‘”‘:, a>0

III. RESULT FIRST

Let f(x) = g‘”:, a>0 be a Gaussian function.

Flgad —Fo .
Then (Dyf) (x) = e [by using eq.1]

(g-1)x
—afgx® _ —ax?

g
(g -1)x

g

1 " 2
— [g-m_r.'.rj — gmux ]

(g—1)x
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1 ] o lax?) ? (ax®) 3 (ax?) ¢
={q_—1:]x[ﬂx‘{1—q‘]— uxz: 1-g%+ ﬂxg: (1- g% - ax‘}: 1—g%+-
1 ] (ax®) * (@x?) @ (ax®) ¢
e —ﬂx[gx‘[z]* -a- IMz: 4], Q-a)+ IMa: lel, 1—q) - M+: 8, A-a
]
[Using eq. 2]
1 X ox’ (=) 1 (ax?) ¢
={q——ljx{l —qglax?|2l, ——-, + —— 6, - ———1[8l + ]
= —ax[l2], -2, + 9 e, - g g )

IV.RESULT SECOND

Let f(x) = g=2x , >0 be a Gaussian function.

Flgx) —F( .
Then (Dg,f) (x) = i [by using eq. 3]

(g-px

—a(gx)® _ g-a(px)’

g

g
(g—plx

_ 1
T g —pix

—apgx)? _ —appa?
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1 algx) * lagx)’l * la(gx)’] * la(gx)’] *
“G-px| 1 T = T T ow
ar) * lagexy] * lapn?] * lapn? *
_""“"_{1_ 1! 2t T }]
1 11 2 17 2 11 2 1] 2 3
_ o [u{px] : o) %4 [a{q;]: ] _ [a{.’?;:]: ] N [a.{an:]: ] _ [a{qxaj: ] N [a{qz?: ]
lape)]
- a T ]
__ 1t 2(..2 2 (ax?] 2 4 4 ! s 3 (ax?) ¢ g g
= o [ox (p*—q® )+ ——(g* —p*) + (pf— g%+ —— (@ —p® )+ ]
1 1y % AT 1y 4
=m[m:(;ﬂ:—q:]— {Mz? (p*— g¥) + {RIE? (p®— %) - {ux‘j (p®—g") + -~
1 i (ax®) * (ax?) ¢ (ax®) *
=m[m‘[2]q_p (p —qd - T [‘1‘]q-_p p—qg)+ 3 [ﬁ:lq__rJ (p —q) — T [E]”J (p —q)
-]
[Using eq. 4]
1 . ax (ax?) (ax®) *®
:—{q_pjx(,ﬂ—q]nx‘[[ﬂq_p -, + —5—l6l,, - —[al_, +]
axt [gx?] 2 [ma?] ¥
= _M[[z]r.'-.ﬂ —T[‘qu +T[ﬁ]q._u T T a [E]t?..ﬂ +---](eq. 6)
V. SPECIAL CASES
[A]. Take g=1 in the equation 5,we will get the classicalderivative of given Gaussian function.
df mx? (ax?) 2 (ax®) 3
. _M[[z]l - Tl e, - ], +]

B , 4ax?  6lax?) * 8lax?) *?
N _M[ T T T T +]

]

2ax®  3(ax?) ? d(gx?) *
- _M'E[l_ 2 T T T 4 +]
e ) ()
il AR TH A TR T
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[B]. Take p=1 in the equation 6, we will get the g-derivative of given Gaussian function.

® D= -M[[z]lT -+ %mq —%{a]q +]

VI. CONCLUSION

The results proved in this paper give some contribution to the p, (p,q)-derivatives and are believed to be new and
fruitful for quantum and post quantum calculus.
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