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I. INTRODUCTION

After the introduction of fuzzy set by L. A. Zadeh [36] in 1965 different types of fuzzy real-valued sequence spaces
have been introduced and studied by several mathematicians by using the notion of fuzzy real numbers. Agnew [1]
studied the summability theory of multiple sequences and obtained certain theorems which have already been
proved for double sequences by the author himself. In order to generalize the idea of convergence of real sequences,
Kostyrko, Salat and Wilczynski [17] introduced the idea of ideal convergence for single sequences in 2000-2001.
Later on it was further developed by Salat et al. ([18], [27]), Kumar and Kumar [20], Tripathy and Tripathy [35],
Das et al. [6], Sen and Roy [30], Nath and Roy [21], Nath and Roy [22] and many others.

The different types of notions of multiple sequences was introduced and investigated at the initial stage by
Sahiner et al. [26], Kumar et al. [19], Dutta et al. [8], Savas and Esi [29], Esi ([11], [12]). Some more works on
fuzzy triple sequences are found in ([23], [24]).

o 0=(k,) (r=01,23...) .
A lacunary sequence is an increasing integer sequence of positive integers such
kO =0 and hr :kr_kr—l_)OO

k

r

that n as T = 9. The intervals determined by 0 will be defined by

Jr = (K1, K1 and the ratio Kr— will be defined by 9r-
Friday and Orhan [ 13] introduced the concept of lacunary statistical convergence in 1993. Different classes of
lacunary sequences have been studied by some renowned researchers. Nuray [25], Demirci [7], Bligin [5], Altin et
al. ([2], [3]), Altin [4], Gokhan et al. [14], Subramanian and Esi [31], Esi [10], Savas [28], Tripathy and Baruah [32],
Dutta et al. [9], etc. Are some of them.. The concept of lacunary I-convergence was introduced in [33]. More works
on lacunary I-convergence was found on ([15], [ 16],[34]) etc.

X iR — L(=[0])

A fuzzy real number on Risa mapping associating each real number teR withits grade

of membership X (t).Every real number r can be expressed as a fuzzy real number I as follows:
{l if t=r
(1) = 0 otherwise
The a-level set of a fuzzy real number X ,O <as<l, denoted by [X] is defined as
[X]¢ ={teR: X(t) > a}.

A fuzzy real number X is called convex if X ()2 X(S) AXM) = i (X(8), XM, \where S <T<T-if there

X (t,) =1

: eR . .
exists b such that * then the fuzzy real number X is called normal. A fuzzy real number X is said to

-1
be upper semi-continuous if for each &> O,\X [0.a+¢)), forall @€ L s open in the usual topology of R. The
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set of all upper semi continuous, normal, convex fuzzy number is denoted by R(L)'The additive identity and

R(L) are denoted by 0 and 1 respectively.

_ L R

Let D be the set of all closed bounded intervals X = [X X ] on the real line R. Then

X <Yifandonlyif X" <Y" and X F<YR. Also et 4(X,Y) = max | XE-XFLIYE-YR)).
(D,d)

multiplicative identity in

Then is a complete metric space.

Let AIRI)XR(L) >R
R(L).

d(X,Y)=supd([X]*,[Y]"), for X,Y e R(L).
be defined by O<asl

Then d defines a metric on

X
Let X be a non empty set. A non-void class lc2 (power set of X) is said to be an ideal if | is additive and
hereditary, i.e. If | satisfies the following conditions:

i) ABel=AUBel hy (jjj Acland BcA=Bel.

X
A non-empty family of sets Fc2 is said to be a filter on X if
(i) Pe F(i)ABeF=>AnBeFand(ii) AcFand AcB=BeF.
For any ideal I, there is a filter F(1) given by F(N={KcN:N\Kel}.

X X
Anideal | < 2 is said to be non-trivial if Iz and X ¢ I. Clearly <2 is a non-trivial ideal if and only if

F=F()={X-A:Ael} i filter on X.

n}:neN}c l.

A non-trivial ideal | is called admissible if and only if {{ A non-trivial ideal | is maximal if there

cannot exists any nontrivial ideal J =1 containing | as a subset.
r

s O = am D> > xe(M1K)

A subset E of N*NxN s s3id to have density PAT ha 12 kA exists

where Xe is the characteristic function of E.

Throughout the article, the ideals of 2N will be denoted by ls.

NxNxN
Example 1.1. Let |3('0) <2 i.e. The class of all subsets of N XN XN of 76rq natural density. Then |3(’0)
is an ideal of 2" .
Example 1.2. Let 15(P) be the class of all subsets of N X N >N gych that Del;(P) implies

That there exists My ’nO’IO <N such that

DS NxNxN—-{(mnl)eNxNxN:m>my,n=>n,,I>I,}.

Then I3(P) is an ideal of ZA

Il. PRELIMINARIES AND BACKGROUND
In this section, some fundamental notions, which are closely related to the article, are recalled.

F F F F
. W .
Throughout the article s(WH), 5(02), 5(C7), 5(Co ) denote the spaces of all, bounded, convergent in
Pringsheim’s sense, null in Pringsheim’s sense fuzzy real-valued triple sequences respectively.

A triple sequence can be defined as a function XINXNxN— R(C)'Where N, R and C denote the

sets of natural and real numbers respectively.
H X ::<)(nml> H H infini X |
A fuzzy real valued triple sequence is a triple infinite array of fuzzy real numbers ~ ™" for all

m,n, e N .4is denoted by <an|> where X €R(L).
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A fuzzy real-valued triple sequence X = <an|> is said to be convergent in Pringsheims sense to
The fuzzy real number X, if for every & >0,3, My =my(£),Ny =Ny (&) 1o =lo () €N
d(X . X)<e m=my,,n=nyl>1,.

such

mnl ?

That for all

A fuzzy real-valued triple sequence X = <an,> is said to be I3-convergent to the fuzzy number Xo» if for all
8>0,the3et{(m,n,|)eNxNxN:d(X X,)=e}el,. L-lim X, =X,

mnl We write

A fuzzy real-valued triple sequence X <an|> is said to be I3-bounded if there exists a real number # such that

the set {(m,n,1) e NxNxN :d_’(xmnlia) > pyels.

Lacunary triple sequence

A triple sequence Orsp = {(mr A ’Ip)}(r 8, p=01,2,.....) of positive integers is said to be lacunary if

there exists three increasing sequences of integers { My } { N5 } o such that

m, =0,h,=m —-m_ >wasr—w
n,=0,h,=n-n_, >wasr—-ow

r

l,b,=0,h, =1, -1, >oasr —->owo

=m_n_ h =h_h.h 6
Let us denote ~ "S'P S Pand "SP '''S"'P and the intervals are determined by ~"*P and it will be
defined by
g =g = g l“
. r T B T
Joo =1(mnl)im_ <m<m ,n_ <n<n, ,Ip_1<lslp}and m., N |,
. Xont ) o 0 . .
A triple sequence < m“'> is said to be ~"P convergent to L if for every € > 0 and there exists
Integers n, &N such that
1 —
P Zd(xmn,,L)<er,s,p2n0
rs,p (mvnvp)e’]r,s‘p
5O, —limx, =L
Lacunary ideal convergence of fuzzy triple sequences:
6. ..,=m . _ X _
Let ~"SP { r's'p} be a triple lacunary sequence. Then a triple sequence < m”'> of fuzzy real numbers is
|
said to be lacunary Ors.p -convergent to a fuzzy real numbers L if for every £>0, such that
1 —
(r,s,p) e NxNxN:——— z d(an,,L)Zg el,.
h r,s,p (m,n,|)e\],‘5vp
| —limX_ =L
We write % mnl
) X . I _
A triple sequence < m”'> of fuzzy real numbers is said to be lacunary Ocse —null if for every >0, such

{(r,s,p)eNxNxN:h1 Y d(xmn|,0)25}6|3.

ros,p (minil)eds,

that
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ly,,, —lim X, =0.

We write
X I
Let 5 be an admissible ideal of N XNXN A triple sequence < m”'> is said to be  %=» - Cauchy if there

X o / / /
exists a subsequence < m (e’ (s) (p)> of <an|> such that (m (r),n'(s), | (p))e Jrosi foreach r,s,p

lim X =L

(r5.p)> (0,0 00) T2 () () (p) and for every € >0 such that

E(x w0 X (0 ) 5) )z g}e l;.

Lacunary Ideal limit point and cluster point on triple sequence

{(r,s,p)eNxNxN:

r,s,p (mvnvl)e‘]r.s,p

I X .
Definition. Let x = < m“'> be a triple sequence. Then

| X
An element Xo s said to be  %srlimit point of x = <m“'> if there is a set
M={(m,n, L)<(m,,n,.L)<.... FENXNXN e
M’ ={(r,s, p)eNxNxN:(m ,n I )ed, |el,
And 0,5, —limx_ ., =X

I X
% s - cluster point of x = < m”'> if for every € >0 we have

An element Xo is said to be
1 —

S d( X L)2sbel,

r,s,p (m,n,l)e‘],vsvp

(r,s,p) e NxNxN:

l,

A X | o r' X .
Let "% p( ) denote the set of all %= - limit point and rs "( ) denote the set of all "= -cluster points

respectively.
I1l. MAIN RESULTS

| |
Theorem. 3.1 Let x = <an,> be a triple sequence. Then Aes, p(x)c s, p(X).
XO e/\II’,S,ICJ(X)

Proof. Let be any element. Then there exists aset M © N xNxN
! /
Such that Mgl where M and M are in the above definition .
6 . —limx_ =x .. m, ,n,,l,eN
rs.p ml = 20 Thenforevery € >0 then thereexists  © ' 00 such
1 —
- > d(x,,L)<evr=m, s=n,, pzl

n, J
ros,p (minpled o . Therefore

1 —

Z d(xmm,L)<g

r,s,p (mxnvl)e‘]r,s,p

A= (r,s,p)eNxNxN:h

QM/\{(ml'n 1|1)1(m2vn27|2)1 ----- (mmo’nnoillg)}

Since | is admissible, we must have
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SMA{(m, 1), (my 0, 1), e, (m mo o M ,Ilg)}g 1
LAg

Hence %0 el Ir'svp(x) :

X . . .
Theorem 3.2. Let x= < m”'> be a triple sequence, Then the following statements are equivalent

|
Ko isa  Orsr limit point of x.

z —1i =

There exist two triple sequences <ym”'> and < m”'> such that x =y + z and Orsp =M Yoy =X, and
{(r,s, p)eNxNxN:(m,n,l)ed, 2, =0 }e I

Proof. (i) = (ii)

Let (i) holds.
Then there is a set M Z{(ml ALY I1)<( My, N, '|2)< """""" }E N>xNxN such that the set
M’ ={(r,s, p)eNxNxN:(m, ,n, ,Ip)eJr’S'p bel,
And ar,s,p —lim anl = XO_

YA
Let us define <ym”'> and < m”'> as B

{xmn!, if ':?‘J‘l_.?‘!_. :}E.lr."_.s_'p: ':?",S'J',‘EJ:'EJ'-’I"I {ﬂ.- if ': L :}E_nrr_.s_p:l:r_.s_ijJ"’f'll
Yoni Xo JOtherwise and Zont = Xmni — Xp otherwiss
m,n,I _M'

If we consider ( T )E J s, P sych that (r 'S p)e NxN>N-M . Then for each € >O,We have

1
- Z |ymnI_X0|<8vr’S’p2n0

hrys,p (m,n,l)e.]rvsvp

Hence ar,s,p —lim ymnl = XO

{(r,s,p)eNxNxN:(m,n,l)eJ 6}CNXNXN—M/E|3

Now r,s,p ’Zmnl

Therefore (i) — (ii)

(i) — (i) _

Let (i holds. Let M= {(r,s, p)eNxNxN:(m,n,lI)ed, 7, =0 }e I

Therefore M’ e F(I) and so it is an infinite set.

Lt us construct the set M :{(ml ALK I1)<( m, M, '|2)< """""" }e NxNxN such  that
M Nl ediy ang 2 1o ¢6.Since Xty = Yty g

0,5, — My, =X

Hence 6“5"3 = 1M Xy =X . This complete the proof.
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X

Theorem 3.3. Letx = < m”'> be a triple sequence. Let | be a non-trivial admissible ideal in NxNxN If there
| = -

isa “sp convergent triple sequence Y = (Vo) such that {(m,n, p)e NxNxN:y,, #X,}e I3

|
Thenxisalso  %se convergent.

{(m,n, p)eNxNxN:y_  #X., el and by, —limy., =L

Proof. Let . Then

Forevery € > 0 the set

C= (r,s,p)eNxNxN:L Za(ymm,L)Zg el,

r,s,p (m,n,l)eJ,’s‘p

Therefore for every € > 0 , we have

(r,s,p)eNxNxN:L > d( Xy, L)zebc

r,s,p (mnnNed g,
{(m,n, p)eNxNxN:y_  #X. U
(I’,S,p)eNxNxN:% Za(ymm,L)Zg el,

r,s,p (m,n,l)eJ,'S,p

(r,s,p)eNxNxN:h—

Therefore
1
(r,s,p) e NxNxN:—— Z|an|—L|25 el,
hr'syp (m,n,l)e\],vsvp
|
Xo isa  Orso limit point of X.

IV. CONCLUSION
Convergence theory is used as a basic tool in, measure spaces, sequences of random variables, information theory
etc. We have introduced the notion of lacunary I-convergent multiple sequences of fuzzy real numbers having
multiplicity greater than two. The relation between lacunary I-convergent and lacunary I-Cauchy triple sequences is
obtained. Also some algebraic and topological properties are studied and some inclusion results are derived. The
introduced notion can be applied for further investigations from different aspects.
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